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Recent measurements in single-walled carbon nanotubes show that, on resonance, all nanotubes
display the same peak optical conductivity of approximately 8 e2/h, independent of radius or chiral-
ity [Joh et al., Nature Nanotechnology 6, 51 (2011)]. We show that this uniform peak conductivity is
a consequence of the relativistic band structure and strength of the Coulomb interaction in carbon
nanotubes. We further construct a minimalist model of exciton dynamics that describes the general
phenomenology and provides an accurate prediction of the numerical value of the peak optical con-
ductivity. The work illustrates the need for careful treatment of relaxation mechanisms in modeling
the optoelectronic properties of carbon nanotubes.
Using a new on-chip Rayleigh scattering technique, Joh
et al. measured the peak optical conductivity for a vari-
ety of transitions in semiconducting and metallic nan-
otubes [1, 2]. The data reveal a surprising phenomenon:
on resonance, the optical conductivity is independent of
the nanotube radius and narrowly distributed around
σ∗ = 8 e
2/h. On resonance, all nanotubes respond like
classical conducting hollow cylinders with the same con-
ductivity. The sample included the second, third, and
fourth exciton transitions in semiconducting nanotubes
(S22, S33 and S44) and the first and second exciton tran-
sitions in metallic nanotubes (M11 and M22). The data
are shown in Fig. 1.
In this Letter we identify the origin of this uniform
peak conductivity. We analyze the optical conductiv-
ity within linear response theory for the effective Dirac
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FIG. 1: Optical conductivity on resonance as a function of
nanotube diameter, as measured by Joh, et al. [2]. The mean
value is 8± 1.5 e2/h, independent of the diameter.
model of a carbon nanotube. Our main result is that the
peak conductivity will be independent of the nanotube
radiusR whenever quasiparticle energies are proportional
to 1/R and quasiparticle lifetimes are proportional to R.
The Coulomb interaction satisfies both requirements, and
a simple exciton model with interband Coulomb scatter-
ing fits the data quite well. We also consider the effects
of phonon and impurity scattering, which may account
for some of the spread in the data. The analysis sug-
gests that a uniform peak conductivity should be observ-
able over a wide range of experimental conditions and
illustrates the importance of relaxation mechanisms in
numerical models of nanotube properties.
Our starting point is the low-energy approximation to
the tight-binding Hamiltonian for a carbon nanotube,
which is a massless Dirac equation [3]:
H = ~vF q · σ. (1)
vF is the Fermi velocity and q describes small displace-
ments from the corners of the Brillouin zone of graphene.
R is the only relevant length scale, and it defines a nat-
ural energy scale:
E0 = ~vF /R. (2)
This defines an effective mass as well: E0 = m
∗vF
2. The
eigenvalues of H are ±E0
√
(kR)2 +∆2, where k is the
wave vector along the nanotube axis and ∆ is the gap
parameter. In metallic nanotubes, ∆ = N , and in semi-
conducting nanotubes, ∆ = N ± 1/3. The band index N
is an integer.
This free particle model can be extended to include the
Coulomb interaction [4]. In a single-band model, exciton
wave functions are of the form
|n〉 =
∑
k
An,k · c†k vk |Ω〉 . (3)
2c† creates a conduction electron, v† creates a valence elec-
tron, and |Ω〉 is the ground state of filled valence orbitals.
The coefficients An,k and exciton energies En are ob-
tained as eigenvectors and eigenvalues of a Bethe Salpeter
equation. This single-band model is sufficient to describe
direct excitons (Sii andMii) in carbon nanotubes [5], and
the scaling of exciton size and binding energy obtained
from this model and ab initio calculations agree to lead-
ing order in R [6, 7].
At the level of linear response theory, the conductivity
is given by the Kubo formula:
σ(ω) =
~e2
i2piRL
∑
n
| 〈n| vˆ |Ω〉 |2
En
2(~ω + i~Γn)
En2 − (~ω + i~Γn)2 .
(4)
vˆ is the velocity operator projected along the nanotube
axis. Γn = 1/τn where τn is the lifetime of the excited
state. If |n〉 were eigenstates of the Hamiltonian in the
absence of an applied field, Γn could be replaced by an
infinitesimal to enforce causality. In practice, the exact
eigenstates are never known. A broadening parameter
1/τ is often introduced to account for relaxation. How-
ever, τ is not arbitrary: different scattering mechanisms
lead to qualitatively different lifetimes, and the broaden-
ing determines the optical conductivity on resonance.
Eq. (4) gives the conductivity of a single band. The to-
tal conductivity is multiplied a factor of 2 for spin and a
factor of 2 for theK andK ′ points. Although the conduc-
tivity is a tensor, scattering in nanotubes is dominated
by light polarized along the nanotube axis [8]. Only the
surface current along the axis due to an electric field ap-
plied along the axis is considered here: σ(ω) ≡ σzz(ω).
The Kubo formula may be simplified by scaling all en-
ergies by E0 and rewriting the expression in terms of the
dimensionless parameters
w = ~ω/E0,
xn = En/E0, (5)
yn = ~Γn/E0.
Eq. (4) may be simplified further by introducing a di-
mensionless oscillator strength [4]:
fn = 2m
∗ | 〈n| vˆ |Ω〉 |2
En
. (6)
The oscillator strengths for the solutions of the Dirac
Hamiltonian satisfy a sum rule [17]:
∑
k fk = L/piR. For
an exciton, fn = φn·L/piR, where the fractional oscillator
strength φn is independent of R.
After these substitutions, Eq. (4) becomes
σ(ω) =
e2
h
1
ipi
∑
n
φn · w + iyn
xn2 − (w + iyn)2 . (7)
This expression implies σ(ω) = G(w;λ) · e2/h, where
G is a dimensionless function and λ is a set of dimen-
sionless parameters derived from {xn} and {yn}. On
resonance, w is a function of the other parameters so
that σ∗ = G∗(λ) · e2/h. If xn and yn are independent
of the nanotube radius, then so is the peak conductivity.
Eq. (5) implies that xn and yn are independent of the
nanotube radius if En and Γn are proportional to 1/R.
This proves our central result:
If quasiparticle energies are inversely proportional to
the nanotube radius and quasiparticle lifetimes are pro-
portional to the nanotube radius, then the conductivity on
resonance is independent of the nanotube radius.
The arguments of this section can be extended to mul-
tiple bands and indirect excitations. The result also holds
for unbound electron-hole pairs [18].
The first requirement is satisfied as long as Eq. (1) is
valid. If the Dirac equation is scaled by E0, then k only
enters in the dimensionless combination kR. The scaled
Coulomb interaction only depends on an effective fine
structure constant, α = e2/2piκ~vF where κ describes
static screening from the environment and other bands of
the nanotube. As a result, the scaled Hamiltonian only
depends on the dimensionless variables ξ = kR and α.
The spectrum and eigenvectors are universal functions of
these variables, and the energy eigenvalues for both free
particles and excitons are proportional to ~vF /R. This
inverse relation between the energy and the radius is a
consequence of the relativistic band structure of a carbon
nanotube, and the conditions that lead to a uniform peak
conductivity in carbon nanotubes are not satisfied in a
general quantum wire.
The second requirement is not satisfied in general.
Quasiparticle lifetimes arise from interactions not in-
cluded in the Dirac equation, and each interaction must
be analyzed separately to determine whether the lifetime
is proportional to R. The lifetime of a state |n〉 due to a
potential V can be estimated from Fermi’s golden rule:
Γn = (2pi/~)
∑
m
|Vm,n|2 · δ(Em − En). (8)
All of the dimensional quantities can be collected into
a base scattering rate Γ0. The remaining sum defines
a dimensionless function γ whose analytic form is irrel-
evant to the main result. The scattering rate is then
γ · Γ0. If Γ0 ∝ 1/R and γ is independent of R, the
quasiparticle lifetime will satisfy the requirements for a
radius-independent peak conductivity.
The Coulomb interaction largely determines the photo-
physics of carbon nanotubes. The absorption of a photon
produces a particle-hole pair, and these charged particles
interact strongly through their mutual Coulomb attrac-
tion. The interaction between particles and holes in the
same band leads to strong exciton binding. Interband
scattering gives the exciton a finite lifetime [9]. The base
rate is
~Γ0 = α
2E0, (9)
3and γ is independent of R. Thus, interband Coulomb
scattering leads to a peak conductivity that is indepen-
dent of the radius.
In fact, an exciton model with dissociation due to in-
terband Coulomb scattering accounts for all of the qual-
itative features of the data: the peak conductivity is in-
dependent of the radius, does not depend strongly on the
transition responsible for the resonance, and is approxi-
mately equal in semiconducting and metallic nanotubes.
Dissociation rates show little variation between bands.
The lifetime of an exciton is approximately equal to that
of a particle-hole pair at the band edge [9]. For the S33,
S44, M11, and M22 excitons, γ falls between 0.7 and 1.2.
The estimated scattering rate of the S22 exciton is signif-
icantly larger because of the small overlap of wave func-
tions in the first and second bands [19].
The bands in metallic nanotubes are twofold degen-
erate, which suggests the peak conductivity of metallic
nanotubes could be more than twice that of semicon-
ducting nanotubes. However, screening in metallic nan-
otubes reduces the exciton binding energy and oscillator
strength. Trigonal warping lifts the degeneracy and fur-
ther reduces the conductivity in chiral nanotubes. These
factors lead to similar peak conductivities for semicon-
ducting and metallic nanotubes.
Dissociation due to interband Coulomb scattering also
accounts for the magnitude of the peak conductivity. If
all the oscillator strength of a band is localized in a single
transition and γ ≈ 1, the peak conductivity is
σ∗ =
e2
h
· 2κ
2
piα02
, (10)
where α0 = e
2/2pi~vF ≈ 0.42, and κ is the dielectric
constant of the environment. The experimental measure-
ments shown in Fig. 1 were taken on a quartz substrate
in glycerol (n = 1.46). Setting κ = n2 gives a maximum
conductivity of σ∗ ≈ 16 e2/h. A peak conductivity of
8 e2/h follows if the exciton transition accounts for half
the total oscillator strength, a fraction consistent with ab
initio calculations [6].
Other interactions also contribute to the exciton life-
time and may account for some of the spread in the data
of Fig. 1. Intrinsic sources of scattering include phonons
and lattice defects. External perturbations such as the
substrate, applied fields, or atoms adsorbed on the sur-
face of the nanotube also affect the conductivity. Here
we consider phonon and impurity scattering to illustrate
how different scattering mechanisms lead to qualitatively
different quasiparticle lifetimes.
Electron-phonon interactions are a significant source
of scattering in carbon nanotubes [10–14]. Lattice defor-
mations introduce an effective potential to Eq. (1). A
general deformation has two effects [3, 15]. First, varia-
tions in the lattice charge density can produce a scalar
deformation potential. Second, bending and stretching
of bonds can introduce an effective gauge potential. The
orientation of the bonds with respect to the axis of a
nanotube depends on its chirality, and phonon scattering
rates depend on the chiral angle θc.
There are four acoustic modes in carbon nanotubes.
The longitudinal acoustic (LA) modes compress and ex-
pand the lattice along the nanotube axis. The transverse
acoustic (TA) or twist modes rotate the lattice about the
nanotube axis. Both of these modes have a linear disper-
sion relation: ωq = cq where c is the sound velocity.
These modes do not carry any angular momentum and
lead to small-momentum scattering within a band. The
two flexure modes bend the nanotube in the plane of its
axis. These modes have a quadratic dispersion relation:
ωq = cq
2R where c has units of velocity. These modes
carry one quantum of angular momentum and mediate
interband transitions.
A radial breathing mode (RBM) is a periodic variation
in the radius of a nanotube along its axis. Its frequency is
inversely proportional to the nanotube radius. At small
wave vector, ωq ≈ c/R, where c has units of velocity. In
nanotube with a 1 nm diameter, the energy of the lowest
RBM is about 27 meV [16].
The scattering rates of the RBM, LA, TA, and flexure
modes all have the same form. At zero temperature,
~Γ0 =
g2
ρ0cvFR2
. (11)
In the high-temperature limit,
~Γ0 =
g2kBT
~ρ0c2vFR
. (12)
g characterizes the electron-phonon interaction strength,
T is the temperature, and ρ0 is the mass density of the
graphene lattice. Although a single parameter g appears
above, the deformation potential is an order of magnitude
larger than the gauge potential [15]. As a result, the
LA and RB modes, which contribute to the deformation
potential, generally have larger scattering rates than the
other modes. γ depends on c/vF and θc, but not R. The
contribution of these modes to the peak conductivity is
independent of the radius in the high-temperature limit.
In contrast, optical modes do not contribute to a uniform
peak conductivity.
Analyzing variations in the peak conductivity with
temperature would provide a way to extract the phonon
contribution. The contribution of the RBM should show
a crossover to radius-dependent scaling as the temper-
ature is reduced, and the contribution of the acoustic
modes should scale linearly with temperature.
Impurities in the nanotube or its environment provide
another source of scattering. A short-range potential lo-
calized on the surface of a nanotube can be approximated
by a point-like impurity potential: V (r) ≈ V0 a2 δ(r),
where a . R is the range of the potential. This might
represent a topological defect in the lattice, a substitu-
tion impurity at a lattice site, or an atom adsorbed on
4the surface of the nanotube [20]. Incoherent elastic scat-
tering from identical impurities gives
~Γ0 =
ρa4V0
2
~vFR
, (13)
where ρ is the surface defect density.
A long-range potential that is nearly uniform around
the circumference of a nanotube but localized along its
axis may be approximated by a one-dimensional impurity
potential: V (r) ≈ aV0 δ(z), where V0 is the average po-
tential around the circumference. This might represent a
charge defect in the substrate or a local gating potential.
The resulting scattering rate is proportional to the linear
defect density and independent of R.
Elastic scattering from short-range impurities leads to
a peak conductivity that is independent of the radius; in-
elastic scattering and long-range impurity scattering do
not. The high mobilities observed in DC transport mea-
surements suggest that impurity scattering of any type is
insignificant compared with phonon scattering [10, 11].
The lifetime due to phonon and impurity scattering
in metallic nanotubes is twice as large as that in semi-
conducting nanotubes. Phonon and impurity scattering
also lead to stronger dependence on the band index than
Coulomb scattering. No general scaling arguments re-
quire the peak conductivity to be independent of the
band index. Although ∆ · E0 defines a natural energy
scale for a band, the peak conductivity depends on the
gap parameter even if En and Γn are proportional to
∆ · E0. A simple model illustrates this. The peak con-
ductivity can be calculated analytically in a free particle
model with a constant scattering rate. If Γ0 = c∆/R, the
peak conductivity is independent of the radius but pro-
portional to 1/∆. For phonon and impurity scattering,
the lifetime is independent of ∆, and the peak conduc-
tivity is proportional to 1/
√
∆.
Phonon and impurity scattering may account for some
of the spread in the data of Fig. 1. Experimental error
accounts for some variation. Acoustic phonon scattering
and short-range impurity scattering would introduce de-
pendence on the chiral angle; optical phonons, long-range
impurities, and inelastic scattering would introduce de-
pendence on the radius. Other factors such as doping
or fluctuations in the local dielectric environment might
also play a role.
Trigonal warping may also account for some variation
between nanotubes. The Dirac Hamiltonian is a good ap-
proximation for a nanotube whose radius is much larger
than the lattice spacing. When the radius is small, trigo-
nal warping could lead to variations in the peak conduc-
tivity through its effect on scattering rates, analogous to
the family behavior of exciton binding energies [5].
To summarize, linear response theory predicts a peak
conductivity that is independent of the nanotube ra-
dius whenever quasiparticle energies are inversely propor-
tional to the nanotube radius and quasiparticle lifetimes
are proportional to the radius. The Coulomb interaction
satisfies both requirements and explains both the unifor-
mity and mean value of the conductivity data in Fig. 1.
Phonon, impurity scattering, and trigonal warping may
account for small variations between nanotubes.
Our analysis suggests the peak conductivity will be
uniform over a wide range of experimental conditions: it
will be the same for all nanotubes in a sample, indepen-
dent of diameter or chirality. The peak conductivity is
not universal, however, and may depend on factors such
as the dielectric environment, temperature, or doping.
A uniform peak conductivity could be useful in opti-
cal devices that utilize carbon nanotubes. Many proper-
ties of a nanotube depend strongly on its radius or chi-
rality. Applications designed to exploit these properties
are faced with the difficult task of separating nanotubes
based on their geometry. In applications that only de-
pend on the resonant conductivity, nanotubes would be
interchangeable: on resonance, all nanotubes behave as
classical wires with the same conductivity.
Our analysis also illustrates the importance of the
broadening term in numerical studies: a scattering rate
inversely proportional to the nanotube radius is essen-
tial to reproduce the uniform conductivity observed by
Joh et al. In calculations of nanotube properties, it is
common to introduce a phenomenological parameter to
account for scattering mechanisms not included in the
model. If the same parameter is used for different nan-
otubes, calculations will yield incorrect scaling relations.
To fit a data set, a separate parameter could be adjusted
for each nanotube. The experiments of Joh, et al. and
the analysis above suggest a different approach: for a
given set of experimental conditions, a single parameter
can describe all nanotubes in a sample if the lifetime is
proportional to the nanotube radius: τ = τ0 · (R/R0).
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